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Nonequilibrium, Nonsimilar Solutions of the

Laminar Boundary-Layer Equations

ApriaN J. PaLLoNE,* JEFFREY A. Moorg,t and Joun 1. Erposi
Avco Corporation, Wilmington, Mass.

A method of solution of the laminar boundary-layer equations for dissociating and ion-
izing air in chemical nonequilibrium is formulated for arbitrary pressure gradients and body
geometry. A nonsimilar, multistrip integral technique is employed in conjunction with pre-
viously derived transport and thermodynamie properties for the multicomponent mixture of
pure-air species. The reaction rates are taken from recent experimental results. - Several
numerical examples are carried out for sharp conical bodies (assuming a fully-catalytic cold
wall) at re-entry velocities and altitudes between 115 and 200 kft. The results are used to dem-
onstrate a number of salient features of the flow fields; among these are the dominant role of
diffusion in counterbalancing the production of dissociated and ionized species, the relative
importance of precise transport properties in the momentum and energy equations for accurate
prediction of observables such as electron density, and the persistence of chemical non-
equilibrium to relatively low altitudes (below 115 kft) for slender, sharp vehicles at re-entry

velocities.
Nomenclature
Ch = specific heat at constant pressure
Dag = binary diffusion coefficient
Dgug = multicomponent diffusion coefficient
H = stagnation enthalpy of the mixture
P = enthalpy per unit mass of species «, as re-

ferred to Oz and N. at 0°K
= chemical reaction rate constants for species
«, referred to reaction I, I1, or III, defined
in Table 1
, ... kYL = “global” chemical reaction rate constants for
the reactions IV to VII, defined in Table 1
equilibrium constants for reactions I-VII
molecular weight of species o
molecular weight of the gas mixture
mass flux per unit volume
number of moles of species « per unit volume
exponent of the variable » in the polynomials
defining the velocity, enthalpy, and mass
concentration functions (n = 0, 1,2, . ..)
hydrostatic pressure
= local cylindrical body radius
o universal gas constant = 1.987 cal/g-mole-
o
K
Reynolds number based on the local proper-
ties at the outer edge of the boundary layer
= PlulL/ 1
absolute temperature, °K
x component of the mass average velocity of
the gas mixture
= y component of the mass average velocity of
the gas mixture
= mass rate of formation of species « per unit
volume due to chemical reactions
mole fraction of species @, = (N,/N)
coordinate along the surface
mass fraction of species o, = p,/p
coordinate normal to surface
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2 = positive integer which is identified with a
given boundary-layer strip{z = 1,2, ... Z)

Z = total number of strips into which the bound-
ary layer is divided

b = boundary-layer thickness in the {z-y) plane

n = transformed variable

Ag = thermal conductivity of species 8

A = thermal conductivity of the gas mixture

A = nondimensional boundary-layer thickness
parameter in the transformed plane

Vo = y component of the average diffusion ve-
locity of species «

. = coefficient of viscosity of species «

o = coeflicient of viscosity of the gas mixture

£ = transformed variable

Pe = mass density of species o, = N M,

o = mass density of the gas mixture, = N if

Subscripts

0 = value at the initial line

1 = value at the outer edge of the boundary layer

@ = value at infinity

a,b,cd e f = species subscript for Ny, N, Oy, O, NO, and
NO *, respectively

s = stagnation value

w = value at the body surface

2 = value at the outer boundary of strip 2

o, B, v = generalized subscripts referring to species
a, b, ¢, d, and e

z, Y, = partial differentiation with respect to the
variable indicated

Introduction

CCURATE description of the re-entry environment of

hypersonic vehicles (including quantitative evaluation

of observables and communication capabilities) requires

detailed analysis of the flow field, including “real gas” effects.

The coupled chemical relaxation and diffusion phenomena

are especially significant at hypervelocities, and their effects
on the flow field are the subject of the present investigation.

A review of the general status of the theories of viscous
dissociating gases (up to about two years ago) can be found
in the texts of Hayes and Probstein! and Dorrance,? although
most results presented are restricted to the limiting cases of
either frozen (nonreacting) or equilibrium air flows. Some
of the more recent work on nonequilibrium air boundary
layers is contained in Refs. 3-8 (although these are not in-
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tended to comprise a complete bibliography of significant
research in this area).

In the present paper, the laminar boundary-layer flow of
dissociated air in chemical nonequilibrium is formulated for
arbitrary pressure gradients and body geometries. The aim
is to extend the multistrip integral techniques$ to obtain high-
order approximate solutions for a generalized model of the
nonequilibrium boundary layer. The method will permit
more exact determination of the boundary-layer character-
istics (including species concentration, velocity, and tem-
perature profiles) and also will serve to check results obtained
by simpler approaches. The main emphasis of this study
will be on dissociation and ionization nonequilibrium.

Related phenomena such as vibration-dissociation coupling,
and radiative transfer will be neglected. Viscous-inviscid
interaction (however important at the high altitudes) will
also be neglected at this time so as to more clearly emphasize
the primary effects.

The air model adopted for the present analysis considers
a seven-component gas mixture (O, O,, N, Ny, NO, NOH,
e™), with the molecular internal degrees of freedom in equilib-
rium with the translational mode. The ionization reaction
is uncoupled from the other six (dissociation) reactions; i.e.,
the ionization energy is assumed negligible. The most recent
reaction rates are employed (Lin and Teare!!) in conjunction
with newly derived transport and thermodynamie properties
(to 10,000°K.)?

Basic Equations

The classical boundary-layer approximations are employed
in simplifying the governing equations (e.g., Refs. 12 and 13)
for the viscous flow of a chemically reacting, multicomponent
gas mixture. For steady laminar flow, the resulting set of
general expressions of mass, momentum, energy, and species
conservation are the following:

(puri). + (pvri), = 0 ®
put, + pvu, = —P. + (pu,), @
0=r, @
puH, + pvH, = J;.l. l:A Ty +
U Lu

N 2
<1 - C_p_l_/.-l,> (u_z‘)y:l - ;pyal’aha} (4:)
pu(Ya)x + Pv(Ya)y =W, — (PYaVa)y (5)

where

My M,
Yave = ; Deg [Tf (Yg),—Yg (7]—[)”}
. §0 for planar body
"~ |1 for axisymmetric body
T.=T+ (u*2C,)

The gas mixture is postulated to be sufficiently dilute to
allow each chemical species to be treated as an ideal gas, i.e.,

Po = pa(Bo/Ma)T (6)

For the mixture,
P = p(Ry/M)T (7

where

M= XM, = [E (Y,,/Ma):I_I

§ The integral technique employed in this study has been de-
veloped in previous boundary-layer and wake studies with
equilibrium air (Pallone® and Pallone, Erdos, and Eckerman®).
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The boundary conditions on velocity and enthalpy are
those usually imposed on the boundary layer, namely,
u = U, U, = 0
=§
H = H, H, = 0} y

and

u =0, —0
H=Hy,orH, = (H).f ?

The boundary conditions on the species concentration at the
outer edge of the layer are

Ya = Yoq (Yoz)y =0 (y = 6)

However, the boundary conditions at the wall are dictated
by the degree of catalycity of the wall material. Although
the detailed kinetics of catalytic recombination at a surface
are not yet well defined for a multicomponent gas mixture,
the following formulation, which considers only the limiting
cases of a noncatalytic or a fully catalytic surface (an ex-
tension of the binary mixture work of Goulard!#) is pro-
posed for the present analysis.

At the wall, with no injection, the net mass flux of species
a toward the wall is due only to diffusion, and may be de-
seribed by :

tha = — pu(YaVa)w ®)

The mass flux is precisely balanced by the recombination at
the wall, which can be assumed, for example, to be a first-

order process:
Me = ka(Yapa)w (OL = b; d; e, f) (9)

The flux of the molecular species Ny and O is given from
consideration of species conservation

Mo, Mo Mxo MNo+

P] = — | = 10
Mo, l:Mo Mxo MNo’*:‘ (10)
Mx, | AN | Tno MNo+

21111‘12 B |:MN +MNO+MNO+] (an

D Ve=1

Clearly, in the noncatalytic case (ko = 0), the species bound-
ary conditions at the wall become

QY o/y)w = 0 (12)

However, in the fully catalytic case (ko = o), the mass flux
is bounded and therefore,

Yaw =0 (a = b} d) eyf) (13)

The values of Y, and Yo,, at the surface, are controlled
by (multicomponent) diffusion, through which all the species
are coupled. The boundary conditions on the N; and O,
are as determined by Eqs. (8, 9, 11, and 13). In the ex-
amples selected for the present paper, only the fully catalytic
case was considered. The boundary conditions given by
Eq. (13) are used, and, to avoid the numerical difficulties
associated with coupling of the species equations, the con-
centrations of N, and O, at the surface are assumed to be
the same as at the outer edge of the boundary layer.** A

i The velocity, enthalpy, and species concentrations are as-
sumed to have the same thickness, but the enthalpy and concen-
tration profiles are allowed an additional free coefficient in the
polynomial formulas (see “Method of Analysis”’) to compensate
for this restriction. These coefficients are related to the wall
gradients of the enthalpy and concentrations, which replace
their thicknesses as unknowns. This procedure is discussed in
Ref. 9.

** Both the wall and outer edge temperatures are less than
1000°K in the examples.
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Table 1 Rate constants for chemical processes

Third
body
No. Reaction (p) Exothermic rate constant
I Oy + (p) + 5.1 ev 220 + (p) N, NO k! = kI = 3.01 X 108 X T2
N: kil = 2k
0 k!l = 8.0 X 10¥ X T-3z
kil = 2.8k}
I Ne + (p) + 9.8ev 22N + (p) 0, 0, NO kM = kT = kAT = 0.395 k.M
N, kI = 276 X 101 X T-12
I = 2.36 X 102 X T3
ITT NO +(p) +65eve=N 4+ O + (p) Oy, Ny, kol = [ttt = il = i1
O, N = 1.02 X 10% X T 32
NO 20 k 1L
v NO+O+14eve O, + N EV =133 X 100 X T X e~ss0/T
v N; +0+33ev=NO+N EV = 1.63 X 108
VI N: + O; 4+ 1.9 ev &2 2NO EV1 = 241 X 10%8 X T8z X g—4s00/T
VII N+0+28eveaNOt+4e VT = 1.81 X 1021 X T~3/2

posteriori, this assumption is justified due to the very slight
dissociation of N, encountered.

Transport Properties, Thermodynamics,
and Chemistry

Extensive calculations have been made by Bade of the
species viscosity, thermal conductivity, and pertinent binary
diffusion coefficients, as functions of temperature. These
computations and the complete multicomponent formalism
used for computing the transport properties of the mixture
are summarized in Appendix B of Ref. 3. The thermo-
dynamie properties of the species and the mixture are calcu-
lated by the usual procedures of statistical mechanics, as-
suming the internal degrees of freedom of the molecules to be
in equilibrium with the translational mode.}t

The significant gas-phase reactions for high-temperature
air are taken to be the seven given in Table 1. Unless speci-
fied otherwise, the reaction rates used in the calculations are
the most recent given by Lin and Teare.!

The net rate of production of each chemical species is dic-
tated by the (phenomenological) law of mass action, with the
appropriate (experimental) reaction rates. The species
“source” equations are written as in Ref. 3, with the follow-
ing additional reaction included for the production of ions:

VII
Wxo+ _ ONwo+ _ _ k (Nyor — NyNoKx"1)  (14)
.LMNO"‘ Dt

Kyvii

The equilibrium constants K.,!, . . ., K, are known funec-
tions of temperature (utilizing the thermodynamic model
described previously).i}

Method of Analysis

The basic equations given previously (1-5) are reduced to
a set of ordinary, first-order differential equations by em-
ploying a technique suggested by Dorodnitsyn’s “method of
integral relations.”® Application of this technique to bound-
ary-layer problems was described by Pallone® in a study of
downstream effects of transpiration. The reader is re-
ferred to these papers for a more complete d1sousswn of the
method than is presented here.

The essence of the method lies in the division of the vis-
cous domain into an arbitrary number of curvilinear strips
z in the streamwise direction, between the wall and an outer
edge 8. The boundary & is identifiable as the physical

11 The electron diffusion is assumed to be described by a binary
diffusion coefficient for electron-ion pairs through air molecules,
ie., Do = 2D,..

1t The equilibrium constants given by Wray?® follow very
closely those employed here.

boundary-layer thickness (of the velocity, thermal, and
species profiles) where the condition from the inviscid flow
are imposed. The basic equations are integrated with
respect to y from the wall to the edge of each strip. Poly-
nomial expressions for u, H, and Y, are introduced, where
these variables appear in the integrals, with the polynomial
coefficients required to satisfy the boundary conditions and
the values of the functions on the strip boundaries. An
extra, free coefficient is allowed in the enthalpy and species
profiles (to compensate for restricting all the profiles to a
single thickness). A density (Howarth-Dorodnitsyn) trans-
formation is employed, and the strip boundaries are fixed in
the transformed plane, i.e.,

78 = foyﬂ dy (15)
P

¢=a/L (16)

=1fﬂk£d _Z-&k=1
K 5; 0 P Y Z

The following set of ordinary differential equations is thereby
derived:

dF d
m, A > A A Elk APy (“") +

(Zka - lew)

where

h=1,2...,7

d
[Flk dE ln(plullh)I/Z -+
dl .dl
(F — P+ ng> LU —“’"] an
1

dE dE
dA dnk d (He
+ A = APy g < ) +

fz>; o [% Vo, = ¥s <%%>J}]Z=

d .
—AFy, b (In(prty ) V2 + jInr]  (18)
AF5* ay,
Fg dg + A d? — AF2k~d£— 4 AFs® +

{%gﬁ; bl i v - 1 (%) ]1 -

d .
—AF5* EE Mn(epuzp) V2 + 7 Inr]  (19)
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A = Pl (@)2 r o= (ﬂ)
M1 L UL/
a = <Ii) ] = PR
H/, LU
_ e (we_n
FUC B ‘l;) U <u1 u1> d??
% U
Fg;, = L Ed?’]
-1
Fy = j;ﬂk (i) dn
[y (H_H
F4k - ‘I:) Uy <H1 Hl) d’l7
Fg® = j‘oﬂk g; (Yo — Yo) dy

a_ [P\ Wa
Fo = j:) <P1> prtnl %

The integration of the F integrals is ecarried out by using
u z+41

L4 > g

uk:l
An = Qn | Mry —
U n=0 ’ U

where:

H 232 I: H, (ka/H1> :I

—_— = b" n bn = bn , =

H1 n§=:0 77 1]’0 H1 2 an »
z4+2

Y““ = Z Can™ Cn = Ca [nk: Yaln (%) ]
#=0 01 Jw

Moreover, the values of pi, Wey, M, T4y, etc., can be com-
puted from the dependent variables uz, Hi, and Y, along a
line £ = const preceding each Af integration step. For
example, the static temperature is calculated from the mix-
ture enthalpy and species concentrations by utilizing tabu-

4

8° CONE
uy = 21,729 FPS
H,= 2.45 x 108 (FPS)2
7 H 1;8',\/@<ﬁ_"_l
SIM 2 \px
3
=
-
<
2 A
y
BLASIUS\ ,
PR= 075
/
e PR=100
! 7
s (d
. z
. /
/
L
P/
°
o 0.2 0.4 0.6 0.8 1.0

u/u,

Fig.1 Initial velocity profile, from similarity solution for
frozen chemistry and vibrational equilibrium.
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lations of species enthalpy as a function of temperature.?
The static temperature, in turn, dictates the transport prop-
erties of the species and thus of the mixture.

Equations (17-19) therefore constitute a set of algebraic
relations for the derivatives of wi, Hi, Yo, Hw or (Hp),
and Yau, or (Yay)w, which are integrated numerically from a
set of initial values of the dependent variables. The integra-
tion is carried out by a predictor-corrector method.?

Presentation and Discussion of Results

The example presented in this section is chosen with a dual
purpose: first, to display some of the essential features of
nonequilibrium boundary-layer flow (including effects of
reaction rates and transport and thermodynamic proper-
ties); second, to provide practical information required for a
better understanding of the re-entry environment of hyper-
sonic vehicles. The following case has been selected for
detailed study: 8°-half-angle cone, 15-ft length, 4. =
22,000 fps, alt = 200, 150, and 115,000 ft, “fully catalytic”
wall, at T, = 1000°K.

The influence of diffusion (including an evaluation of the
binary diffusion approximation) and the effect of an alternate
set of reaction rates are examined at the 150,000 ft alt only.
The altitude effects are studied separately with the latest
reaction rates (see Table 1) and multicomponent diffusion.

The flow is assumed chemically frozen for the first 6 in.
from the cone apex (which is assumed to be sharp). A similar
solution® is employed to describe the boundary layer at z =
0.5 ft, which is taken as the initial condition for the present
analysis. The initial velocity and temperature profiles are
shown in Figs. 1 and 2. The mixture Prandtl number (PR)
is close to 0.75; the PR = 1.0 and Blasius results are shown
for comparison.

The streamwise variation of the peak values of the atomic
oxygen concentration, nitric oxide concentration, and elec-
tron density at 150,000 ft, as computed from the present
analysis, are shown in Figs. 3-5. The results 1) from an

) |
8° CONE
vz 21,729 FRS .
! H,= 2,45 x10° (FPS)
3
k3
F
=

PR=0.75

N\

- -

e

——

==

0 1000 2000

° 3000 4000 5000
T (°K)
Fig. 2 Initial temperature profile, from similarity solution
for frozen chemistry and vibrational equilibrium.
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alternate set of reaction rates,® 2) neglecting diffusion
velocity, and 3) holding the velocity and enthalpy profiles
fixed as well as neglecting diffusion (i.e., the ‘“‘streamtube-
type” approximation), in addition to 4) the basic results with
multicomponent diffusion coefficients, are illustrated in these
figures. The results of streamtube calculations® with both
PR = 0.75 and PR = 1.0 initial conditions are also shown.
It should be noted that diffusion accounts for about an order-
of-magnitude drop in the atomic nitrogen (not illustrated
here) and atomic oxygen concentrations at 15 ft, more than
an order-of-magnitude drop in the peak nitric oxide concen-
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tration, and more than two orders-of-magnitude decrease in
electron density. However, as shown in Fig. 5, neglect of
the electron diffusion alone results in only a factor of four
increase from the electron density computed with diffusion
of all species, 1.e., the electron density is primarily dictated
by the concentrations of N and O present, and diffusion of
the electron-ion pairs per se is secondary.

Typical temperature and enthalpy profiles at 150,000 ft
are shown in Figs. 6 and 7. It may be seen that with species

diffusion, the peak enthalpy is reduced by dissociation (a -

‘Lewis number effect), whereas without species diffusion (or
with LE = 1) the peak enthalpy increases slightly. It should
be noted that in the streamtube approximation the enthalpy
is invariant. Some typical profiles of atomic oxygen and
nitric oxide concentration and electron density are shown in
Figs. 8-10, to illustrate more clearly the diffusion effect.
Also, the use of a- blnary diffusion coefficient (the N-N.
coefﬁment in this case) is shown to be adequate in the present
example.

The effect of altitude on the nonequilibrium viscous flow
field is indicated by the streamwise variations in the peak
values of the concentrations of atomic oxygen and nitric oxide,
and electron density shown in Figs. 11-13. Typical profiles
of temperature, concentration of atomic oxygen and nitric
oxide, and electron density are illustrated in Figs. 14-17.

¥ ¥V FETHT T TTTT T !IHIII] T T TTTT T TTTTIT
os \ %=|0
’ WITH SPECIES
\ 20 DIFFUSION
30
06 L i
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T 2L129 FPS §\
041 8605k 10 ] WITHOUT
P 390 s % 20 } SPECIES
%) 30 ) DIFFUSION
0.2
)
o optaden R RN 1% R ERIIT: LU
0 0~ 074 v 1073 1072 107!

]
Fig. 8 Typical O concentration profiles at 150,000-ft alt.
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Fig. 10 Typical electron density profiles at 150,000-ft alt.
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The inverse transformation necessary to convert the nor-
mal coordinate n used in many of the figures to the physical
distance y is indicated in Fig. 18.

Binary Sealing

Gibson?! has pointed out that the binary scaling parameter
P /Uy, preserves the Reynolds number for a given vehicle
velocity and geometry, and therefore is appropriate for vis-
cous, as well as inviscid flows. Further attention has been
given to the development of binary scaling laws by Levinsky
and Fernandez?? who have compared the present results
with those obtained by Blottner® by a finite-difference tech-
nique. The electron density (the quantity of primary
interest) presented here begins to deviate from the binary
collision model at about X > 5 ft at the 115,000 ft alt,?? but
Blottner’s results follow this model to X = 15 ft at 100,000
ft (for a 10° cone at 22,000 fps).2 The precise cause of this
difference is particularly difficult to isolate in a multicompo-
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Fig. 14 Effect of altitude on nonequilibrium temperature
profiles.
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nent, reacting mixture problem; there are, for example,
differences in the transport and thermodynamic properties
used for pure species, as well as in the reaction kinetics and
rates. However, it has been shown’ that the two methods
of analysis given essentially the same results for a binary
mixture with consistent thermodynamics, transport proper-
ties, and reaction rates.

Conclusions

The following conclusions are drawn from the present
study:

1) Diffusion in the nonequilibrium laminar boundary-layer
flow over a fully catalytic wall plays a dominant role in de-
termining the species concentrations (including electrons).
The “streamtube approximation,”# although offering appeal-
ing simplicity, can give only qualitative trends with any
reliability. Further study is required to evaluate the diffu-
sion effects with noncatalytic or partially catalytic surfaces,
or at substantially higher temperatures (7 > 5000°K).
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physical plane).

2) Major differences in concentrations (e.g., an order-of-
magnitude in electron density) can result from seemingly
slight enthalpy variations. The importance of accurate
transport and thermodynamic properties of the nonequilib-
rium mixture must be emphasized in this regard. However,
the use of a binary diffusion coefficient (rather than the
multicomponent coefficients) was found to give satisfactory
results at 150,000 ft. It appears that this may be a useful
approximation wherever one species clearly overshadows the
rest in the composition of the mixture (N, is the dominant
species in this case), but this may be justified only a posteriori.

3) Nonequilibrium chemistry in the boundary layer per-
sists to relatively low altitudes (less than 115,000 ft) for
slender, sharp vehicles at re-entry velocities.

4) The present results are consistent with binary scaling
up to X = 5 {t at an altitude of 115,000 ft. An appreciable
deviation from the binary collision model occurs by X =
ft at this altitude, and it appears the problem of partial
equilibrium may require examination for lower altitudes.
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